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Abstract. In this paper we study smooth complex projective 4-folds which are topolog-
ically equivalent. First we show that Fano fourfolds are never oriented homeomorphic to
Ricci-flat projective fourfolds and that Calabi-Yau manifolds and hyperka¨hler manifolds
in dimension ≥ 4 are never oriented homeomorphic. Finally, we give a coarse classification
of smooth projective fourfolds which are oriented homeomorphic to a hyperka¨hler fourfold
which is deformation equivalent to the Hilbert scheme S[2] of two points of a projective
K3 surface S.
1. Introduction
Throughout this note, we work in the category of complex projective manifolds. A
projective manifold of complex dimension n will shortly be called an n-fold.
Whenever we speak of the topology of projective manifoldsX and Y, we use the Euclidean
topology of X and Y equipped with the natural orientation coming from the complex
structure.
Definition 1.1. The manifolds X and Y are called o-homeomorphic if there is an orienta-
tion preserving homeomorphism ϕ : X → Y. Note then that dim X = dim Y.
Similarly one defines the notions of o-diffeomorphy (of class C∞ always in this note) and
o-homotopy. By definition, o-diffeomorphy implies o-homeomorphy and o-homeomorphy
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implies o-homotopy. We note that the intersection numbers are preserved under any o-
homeomorphisms (but not necessarily under homeomorphisms); this is the main reason to
consider o-homeomorphisms rather than homeomorphisms.
The main question we consider is the following natural
Problem 1.2. Let X be a complex projective manifold. Describe all smooth complex pro-
jective structure on the underlying oriented topological manifold of X, i.e. study complex
projective manifolds Y o-homeomorphic to X.
More generally, one may ask for all complex structures on X. However we will not discuss
non-projective complex structures in this paper at all.
The answer is of course well-known in dimension n = 1; X and Y are o-homeomorphic
if and only if the genus h1(OX) and h
1(OY ) are the same. In dimension n ≥ 2, this
problem has a long history, at least since Hirzebruch and Kodaira [HK57]. However, the
complete answer, even under the assumption that Y is projective, seems to be known only
when X = Pn, the projective space of complex dimension n (Hirzebruch-Kodaira [HK57],
Yau [Ya77]), an odd dimensional smooth quadric hypersurface (Brieskorn, [Br64]), abelian
varieties (Catanese, [Ca04]) and simply connected smooth surfaces (Friedman [Fr82]) by
now. Remarkably, Libgober-Woods [LW90] showed that a compact Ka¨hler manifold of
dimension at most 6 which is homotopy equivalent to Pn is biholomorphically equivalent to
Pn. There are many important results for varieties with large fundamental group, e.g., by
Mostow, Siu, Jost-Yau, Catanese, Bauer-Catanese. We refer to the excellent survey paper
by to Catanese [Ca15] for any details.
The case of simply connected threefolds seems already very difficult except above men-
tioned cases (see eg. [Na96], [CP94], [Kol91] and references therein). Indeed, this note is
much inspired by the following very interesting but highly difficult questions asked by I.
Nakamura [Na96, Page 538] and the second named author, [CP94], which are completely
open even now:
Question 1.3. (1) Is there a Calabi-Yau 3-fold Y which is o-homeomorphic to a smooth
cubic 3-fold X = (3) ⊂ P4?
(2) Is there a Calabi-Yau 3-fold Y which is o-homeomorphic to X = (2) ∩ (2) ⊂ P5, a
smooth complete intersection of two smooth quadratic hypersurfaces in P5?
Notice that in dimension at least three, the Kodaira dimension is not a diffeomorphism
invariant of compact Ka¨hler manifolds. This was first observed by Catanese-LeBrun [CL97],
and extended by Rasdeaconu [Ra06]. In the present paper we address this circle of problems
and questions in dimension 4 and higher; see Theorems 1.4, 1.5, 1.6, 1.9, 1.10, ??, 3.1.
In some aspects, the problem is more tractable for 4-folds than 3-folds, as the middle
Betti cohomology group (H4(X,Z), (∗, ∗∗)X ) with intersection form (∗, ∗∗)X has a rich
structure encoding non-trivial algebro-geometric and lattice theoretic informations, and not
only the first Pontrjagin class, but also the second Pontrjagin class gives some non-trivial
constraints on Chern classes. Moreover, the Riemann-Roch formula for the holomorphic
Euler characteristic on a 4-fold X includes the topological term c4(X), whereas in dimension
3, the Chern class c3(X) does not appear in Riemann-Roch.
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Recall a smooth projective n-fold X with ample anti-canonical class −KX is said to be
a Fano n-fold. We denote by rX the Fano index of X, i.e., the largest integer r such that
the canonical bundle KX is divisible by r in the Picard group Pic(X).
We call a smooth projective n-fold X a Calabi-Yau n-fold (resp. a hyperka¨hler n-fold) if
pi1(X) = {1}, H
0(ΩkX) = 0 for all integers k such that 0 < k < n and H
0(X,ΩnX ) = CωX
with nowhere vanishing holomorphic n-form ωX (resp. if pi1(X) = {1}, H
0(Ω2X) = CηX with
everywhere non-degenerate holomorphic 2-form ηX). Almost by definition, hyperka¨hler
manifolds are of even dimension.
Our first main result is the following
Theorem 1.4. Let X be Fano manifold of even dimension n ≥ 4. If n ≥ 6, assume
additionally that b2(X) = 1. Then X cannot be o-homeomorphic to a compact Ka¨hler
manifold Y with c1(Y ) = 0. In particular, Fano 4-folds are never o-homeomorphic to a
Calabi-Yau 4-fold or a hyperka¨hler 4−fold.
Theorem 1.4 will be a consequence of a more general, result, Theorem 3.1, see Section 3.
It is clear that Fano n-folds (n ≥ 1) are not homeomorphic to an abelian variety, as a Fano
n-fold is simply connected.
We also remark that Catanese-LeBrun [CL97] have shown that for every even integer
n ≥ 4 there is a Fano manifold X of dimension n which is o-diffeomorphic to a projective
manifold Y of general type; see Remark 1.8 below.
Note that a smooth cubic 4-fold is Fano with second Betti number b2 = 1. Cubic 4-folds
have attracted much attention these days, especially in connection with the rationality
problem ([Ku10]) and its miraculous relations with hyperka¨hler 4-folds due to an observa-
tion by Beauville-Donagi ([BD85]). So, it is certainly of interest to take a closer look at a
smooth cubic 4-folds also from a topological point of view, or, more generally to del Pezzo
4-folds. Recall that a del Pezzo n-fold is a Fano n-fold X such that rX = n− 1.
In this direction, we first obtain the following, actually in all dimensions
Theorem 1.5. Let X and Y be o-homeomorphic Fano manifolds of dimension n with
b2(X) = b2(Y ) = 1. Then
(1) rX = rY and c1(X)
n = c1(Y )
n.
(2) If in addition X is a del Pezzo manifold, then X and Y are deformation equivalent.
In the case of cubic 4-folds, more is true.
Theorem 1.6. Assume that a smooth projective 4-fold Y is o-homeomorphic to a smooth
cubic 4-fold X. Then
(1) Either Y is deformation equivalent to X or Y is a smooth projective 4-fold with
ample KY and with the same Hodge numbers as a smooth cubic 4-fold.
(2) Suppose that Y is log o-homeomorphic to X. Then Y is isomorphic to a smooth
cubic 4-fold.
The second part of Theorem 1.6 uses the new notion of log o-heomeomorphy; the relevant
definition is
Definition 1.7. Let X and Y be smooth projective n-folds. X and Y are said to be log
o-homeomorphic, if there exists an o-homeomorphism ϕ : X → Y and smooth divisors
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DX ⊂ X, DY ⊂ Y such that ϕ(DX ) = DY . We then also say that the pairs (X,DX ) and
(Y,DY ) are o-homeomorphic.
Remark 1.8. It may be quite difficult but certainly interesting to see whether there really
exists an o-homeomorphism ϕ : X → Y with ample KY from a Fano manifold X with
b2(X) = 1. Theorem 1.6 (2) shows that in this case ϕ does not preserve any smooth divisor
if X is a cubic 4-fold.
Of course, we may ask whether Theorem 1.6 holds for other Fano 4-folds, e.g., other del
Pezzo 4-folds. We treat the case of del Pezzo 4-folds of degree 5 in Section 6. This section
provides also a result in any dimension.
By definition, both a Calabi-Yau 2-fold and a hyperka¨hler 2-fold are K3 surfaces and all
K3 surfaces are deformation equivalent ( [Ko64, Theorem 13]), in particular, o-homeomorphic.
Calabi-Yau manifolds and hyperka¨hler manifolds are close in some sense. However, con-
cerning topological structure, it turns out that they are different in dimension greater than
2:
Theorem 1.9. Let n ≥ 2 be an integer.
(1) A Calabi-Yau 2n-fold and a hyperka¨hler 2n-fold can never be o-homeomorphic.
(2) Assume n is an even integer. Let Y be a hyperka¨hler 2n-fold and let X be a compact
Ka¨hler manifold with c1(X) = 0 o-homeomorphic to Y. Then X is again hyperka¨hler.
Our proof is extremely simple, but as far as the authors are aware, this is not noticed
before. We prove Theorem 1.9 in Section 7.
In the following we will need the notion of the numerical Kodaira dimension. Recall that
the numerical Kodaira dimension ν(Y ) := ν(Y,KY ) of a minimal projective n-fold Y, hence
KY is nef, is defined by
ν(Y ) := ν(Y,KY ) := max {k | K
k
Y 6= 0 ∈ H
2k(Y,Q) } .
This notion is introduced by Kawamata [Ka85]. In the same paper, he also shows that
ν(Y ) ≥ κ(Y ) and the equality holds if and only if KY is semi-ample.
Let S be a projective K3 surface. The Hilbert scheme S[n] of 0-dimensional closed
subschemes of length n of S and their deformation X are hyperka¨hler 2n-folds, even though
X is not projective in general. ([Fu83], [Be83], see also [GHJ03, Section 21.2]).
Theorem 1.10. Let X be a projective hyperka¨hler 4-fold which is deformation equivalent
to S[2] of a projective K3 surface S.
Let Y be a smooth projective 4-fold. Assume that Y is o-homeomorphic to X. Then:
(1) h0(Y,OY (KY )) = 1. In particular, Y is not of Kodaira dimension κ(Y ) = −∞.
(2) KY is nef and ν(Y ) is either 0 or 2. In particular, Y is not of general type.
(3) If ν(Y ) = 0, then Y is a hyperka¨hler 4-fold.
There are only two known classes of hyperka¨hler 4-folds, up to deformation equivalence.
The other one are generalized Kummer 4-folds and their deformations. Members of these
two classes cannot be homeomorphic, as the second Betti numbers are different, namely
7 and 23 ([Be83], see also [GHJ03, Section 24.4]). We prove Theorem 1.10 in Section 8;
however we do not know whether varieties Y with ν(Y ) = 2 in Theorem 1.10(2) really exist.
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We end the paper with some speculations on exotic structures on hyperka¨hler manifolds,
see Question 9.1.
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2. Preliminaries from differential topology
First we recall basic definitions and properties of characteristic classes of projective man-
ifolds, assuming the notion of Chern classes of projective manifolds.
Let X be a projective manifold. Let ci(E) ∈ H
2i(X,Z) be the i-th Chern class of
a topological C-vector bundle E on X. We denote by ci(X) := ci(TX) the i-th Chern
class of X. Here TX is the holomorphic tangent bundle of X. We denote by c∗(E) the
total Chern class
∑
i≥0 ci(E) and by (c∗(E1)c∗(E2))i ∈ H
2i(X,Z) the degree i part of the
product c∗(E1)c∗(E2) of the total Chern classes c∗(Ei) of the topological C-vector bundles
Ei (i = 1, 2) on X. Recall that TX has a natural underlying R-vector bundle structure and
we have canonical isomorphisms:
TX ⊗R C ≃ TX ⊕ TX ≃ TX ⊕ T
∗
X .
Here TX is the C-vector bundle with complex multiplication by the conjugate and T
∗
X ≃ Ω
1
X
is the dual holomorphic C-vector bundle of the holomorphic C-vector bundle TX .
We call a non-degreasing sequence of positive integers λ = (λi)
k
i=1 a partition of a positive
integer n if
∑k
i=1 λi = n.
Definition 2.1. Let X be a projective manifold of dimension n.
(1) The i-th Stiefel-Whitney class wi(X) of X is defined by
wi(X) := ci(X) mod 2 ∈ H
2i(X,Z/2) = H2i(X,Z)⊗Z Z/2 .
(2) For a partition λ = (λi)
k
i=1 of n, we define the Stiefel-Whitney number wλ(X) with
respect to λ by
wλ :=
k∏
i=1
wλi(X) ∈ Z/2 .
(3) The i-th rational Pontrjagin class pi(X) of X is defined by
pi(X) := c2i(TX ⊕ TX) = (c∗(TX)c∗(T
∗
X))2i ∈ H
4i(X,Q) .
(4) Assume that n is divisible by 2 in Z. For a partition τ = (τi)
k
i=1 of n/2, we define
the Pontrjagin number pτ (X) with respect to τ by
pτ (X) :=
k∏
i=1
pτi(X) ∈ Z .
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The Pontrjagin numbers are actually not only rational numbers but also integers
(by definition). We do not define the Pontrjagin number when n is odd.
According to the literature, wi(X) (resp pi(X)) is written as w2i(X) (resp. p4i(X)
sometimes with different sign convention).
Let X be a projective manifold and we set ci := ci(X) and pi := pi(X). Then, by
definition,
p1 = −c
2
1 + 2c2;
p2 = c
2
2 − 2c1c3 + 2c4;
p3 = −c
2
3 − 2c1c5 + 2c2c4 + 2c6
for i = 1, 2, 3.
The following fundamental result is well-known. It is proved (in a more general setting)
by Wu (see eg. [MS74, Page 131]) and Novikov [No65] respectively:
Theorem 2.2. The Stiefel-Whitney classes and the rational Pontrjagin classes are topo-
logical invariants. More precisely, letting X and Y be projective manifolds and ϕ : X → Y
an o-homeomorphism, we have:
(1) ϕ∗wi(Y ) = wi(X) in H
2i(X,Z/2) for each integer i ≥ 1.
(2) ϕ∗pi(Y ) = pi(X) in H
4i(X,Q) for each integer i ≥ 1.
Let X be a projective manifold and L a holomorphic line bundle on X. We call L 2-
divisible if there is a holomorphic line bundle M on X such that L = M⊗2 in the Picard
group Pic (X). Similarly we call an element x ∈ H2(X,Z) 2-divisible if there is y ∈ H2(X,Z)
such that x = 2y in H2(X,Z).
The following well-known corollary will be used frequently in this note:
Corollary 2.3. Let Xi (i = 0, 1) be simply connected projective manifolds and ϕ : X0 → X1
an o-homeomorphism. Then KX0 is 2-divisible in Pic (X0) if and only if KX1 is 2-divisible
in Pic (X1).
Proof. The Z-modules H2(Xi,Z) (i = 0, 1) are torsion free as Xi are simply connected. Let
ϕ : X0 → X1 be an o-homeomorphism. Then, by Theorem 2.2, we have in H
2(X0,Z/2):
c1(KX0) = −c1(X0) = −ϕ
∗c1(X1) = ϕ
∗c1(KX1) .
Since ϕ∗ : H2(X1,Z/2) → H
2(X0,Z/2) is an isomorphism as Z/2-vector spaces, it follows
that c1(KX0) is 2-divisible in H
2(X0,Z) if and only if c1(KX1) is 2-divisible in H
2(X1,Z).
By the assumption of the simply connectedness and the projectivity of Xi, the cycle map
c1 : Pic (Xi)→ H
2(Xi,Z)
is injective and the cokernel H2(X1,Z)/Im c1 is torsion free for each i = 0, 1. As KXi ∈
Pic (Xi), it follows that KXi is 2-divisible in Pic (Xi) if and only if c1(KXi) is 2-divisible in
H2(Xi,Z). This implies the result. 
The next theorem is a special case of the seminal result of Freedman [Fr82] (see also
[BHPV04, Page 376]) in dimension 2:
Theorem 2.4. Let Xi (i = 0, 1) be simply connected projective surfaces. Then Xi (i = 0,
1) are o-homeomorphic if and only if the lattices H2(Xi,Z) are isomorphic.
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Remark 2.5. Let S be a simply connected smooth projective surface. The lattice H2(S,Z)
is unimodular of signature
τ(S) :=
c1(S)
2 − 2c2(S)
3
.
Moreover, the lattice H2(S,Z) is even if and only if KS is 2-divisible in H
2(S,Z). We also
note that the isomorphism classes of the lattices H2(S,Z) for simply connected smooth
projective surfaces S are uniquely determined by the rank as Z-modules, the signature and
the parity (even or odd). See eg. [BHPV04, Chapters I, IX] for more details.
We close this section with the following useful propositions.
Proposition 2.6. Let X and Y be o-homeomorphic compact complex manifolds of di-
mension n. Assume that w2(X) = 0 and therefore w2(Y ) = 0, too. Write KX = 2LX and
KY = 2LY . Then the following assertions hold.
(1) χ(LX) = χ(LY );
(2) if n is odd or if X is Fano, then χ(LX) = χ(LY ) = 0.
Proof. Assertion (1) follows from Hirzebruch-Riemann-Roch, see [HK57, Page 204], or
[CP94, 2.4]. If n is odd, (2) follows from Serre duality. If X is Fano, apply Kodaira
vanishing and Serre duality:
χ(X,LX) = (−1)
nhn(X,L) = (−1)nh0(X,LX ) = 0 .

Proposition 2.7. Let X and Y be projective manifolds and ϕ : Y → X be an o-homeo-
morphim. Assume that b2(X) = 1 and - for simplicity - that H
2(X,Z) has no torsion. Let
LX be the ample generator of Pic(X) and LY be the ample generator of Pic(Y ). Then there
is an integer s such that
c1(Y ) = ϕ
∗(c1(X) + 2sc1(LX)) .
Furthermore, for all integers m,
χ(Y,mLY ) = χ(X, (m+ s)LX) .
Proof. We again refer to [HK57, Page 204] and [CP94, 2.4]. 
3. Fano Manifolds: Proof of Theorem 1.4
Recall that a Fano n-fold is said to be of Fano index r = rX ∈ Z+ if there is a primitive
(necessarily) ample class H ∈ Pic (X) such that −KX = rH in PicX. Then, by [KO73]
(see also [Kol96, Theorem 1.11, Page 245]),
1 ≤ r ≤ n+ 1
and X = Pn if r = n + 1 whereas X = Qn ⊂ P
n+1, a smooth quadratic hypersurface if
r = n. If r = n−1, then X is said to be a del Pezzo manifold; these varieties being classified;
see [Fj90].
Theorem 1.4 will be a consequence of the following more general
8 KEIJI OGUISO AND THOMAS PETERNELL
Theorem 3.1. Let X be a Fano manifold of dimension n ≥ 3. Let Y be a compact Ka¨hler
manifold o-homeomorphic to X. Suppose that c1(Y ) = 0 in H
2(Y,R). Then Y has a splitting
Y ≃ Y1 × Y2 ,
such that the following holds.
(1) Yj are simply connected Ka¨hler manifolds with trivial canonical bundles, Y2 possibly
0-dimensional;
(2) Y1 is a Calabi-Yau manifold of odd dimension n1 ≥ 3.
(3) If dimY2 > 0, then n ≥ 5.
Proof. First notice that X being simply connected, so is Y. HenceKY is trivial and w2(Y ) =
0. Thus w2(X) = 0 and KX is divisible by 2 in Pic(X) by Corollary 2.3. Write KX = 2LX
in Pic(X). From Proposition 2.6, we defer
0 = χ(X,LX) = χ(Y,OY ) .
By the Beauville-Bogomolov decomposition theorem we may write
Y ≃
∏
Zj ×
∏
Sk ,
where the Zj are Calabi-Yau and the Sk are hyperka¨hler manifolds. Since χ(Y,OY ) is mul-
tiplicative and since χ(Z,OZ) > 0 for all hyperka¨hler manifolds Z and all even-dimensional
Calabi-Yau manifolds Z, there must be at least one Calabi-Yau factor Y1 of odd dimension.
The rest of the product will be Y2. Since all positive dimensional factors of Y2 must have
dimension at least 2, the remaining statements are clear. 
Proof of Theorem 1.4. The case n = 4 is immediate from Theorem 3.1(1) and (2). Assume
therefore that n ≥ 6. By Theorem 3.1 (2), the Beauville-Bogomolov decomposition of Y
has at least two positive dimensional factors. Then b2(X) = b2(Y ) ≥ 2, a contradiction to
our assumption b2(X) = 1.
4. Fano Manifolds: Proof of Theorem 1.5
To prove Theorem 1.5, we consider o-homeomorphic Fano n-folds X and Y with b2 = 1
via an o-homeomorphism
ϕ : Y → X
and Fano indices rX and rY . Let LX and LY be the ample generators of the Picard groups
so that −KX = rXLX and −KY = rY LY . Of course, it suffices to show rX = rY , since
then
c1(Y )
n = rnY c1(LY )
n = rnXc1(LX)
n = c1(X)
n .
To prove equality of the indices, we argue by contradiction and write, using Proposition 2.7
c1(Y ) = ϕ
∗(c1(X) + 2sLX) ,
i.e., rY = rX + 2s. We may assume s < 0. By Proposition 2.7, we also have
χ(Y,mLY ) = χ(X, (m + s)LX)
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for all integers m. In particular, setting m = 0, we obtain by Kodaira vanishing and Serre
duality
1 = χ(Y,OY ) = χ(X, sLX) = (−1)
nhn(X, sLX) = (−1)
nh0(X, (−rX − s)LX) .
However, this is impossible, because −rX − s < 0 by our assumption s < 0.
If finally X is a del Pezzo n-fold, so is Y by virtue of rY = rX . Since furthermore
c1(X)
n = c1(Y )
n, the del Pezzo n-folds X and Y are deformation equivalent. This is a
consequence of the explicit classification of del Pezzo n-folds in [Fj90, Theorem 8.11].
5. Cubic Fourfolds: Proof of Theorem 1.6
Let X ⊂ P5 be a smooth cubic 4-fold. We denote by H (resp. HX) the hyperplane class
of P5 (resp. the restriction of H to X). Throughout this section, we denote by Y a smooth
projective 4-fold with an o-homeomorphism ψ : Y → X and set L := ψ∗HX ∈ H
2(Y,Z).
We already saw that c1(Y ) 6= 0 (Theorem 1.4) and that Y is deformation equivalent to X
if Y is Fano (Theorem 1.5). Hence we assume that KY is ample. First we compute several
invariants of X.
Lemma 5.1. (1) c1(X) = 3HX , c2(X) = 6H
2
X , c3(X) = 2H
3
X and c4(X) = 27.
(2) The Betti numbers bk(X) are as follows:
b0(X) = b8(X) = 1, b1(X) = b3(X) = b5(X) = b7(X) = 0,
b2(X) = b6(X) = 1 and b4(X) = 23.
Moreover, Pic (X) ≃ H2(X,Z) = ZHX .
(3) The Hodge numbers hp,q(X) of X are as follows:
h0,0(X) = h4,4(X) = 1, hp,q(X) = 0 for p+ q = 1, 3, 5, 7,
h2,0(X) = h0,2(X) = 0, h1,1(X) = 1, h2,4(X) = h4,2(X) = 0, h3,3(X) = 1,
h4,0(X) = h0,4(X) = 0, h3,1(X) = h1,3(X) = 1 and h2,2(X) = 21.
(4) The signature τ(X) of (H4(X,Z), (∗, ∗∗)X ) is 23.
Proof. Consider the standard exact sequence
0→ TX → TP5 |X → NX/P5 = OX(3HX)→ 0 .
This leads to the following equality of Chern classes
(5.1) c∗(X) = c∗(TP5)|X · c∗(OX(3HX))
−1 .
Notice that c∗(TP5) = (1 +H)
6 and
c∗(OX(3HX))
−1 = (1 + 3HX)
−1 = 1− 3HX + (3HX)
2 − (3HX)
3 + (3HX)
4 .
Substituting these two equations into (5.1) and comparing the terms of equal degree, we
readily obtain assertion (1). By the Lefschetz hyperplane theorem and Poincare´ duality, we
obtain the values of bk(X) for k 6= 4. Substituting these into c4(X) = 27 gives b4(X) = 23.
The middle Hodge numbers hp,q(X) (p+ q = 4) are computed in [Vo86, Page 581] based
on the Jacobian ring, as claimed in (3).
Let r(X) be the signature of (H4(X,Z), (∗, ∗∗)X ). By e.g. [Vo02, Theorem 6.33],
r(X) =
∑
p,q≥0
(−1)php,q(X) .
Putting in the Hodge numbers hp,q(X), we arrive at r(X) = 23.
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This completes the proof of Lemma 5.1. 
Using Hodge decomposition and Hodge symmetry we immediately deduce
Lemma 5.2. (1) The Betti numbers bk(Y ) are as follows:
b0(Y ) = b8(Y ) = 1, b1(Y ) = b3(Y ) = b5(Y ) = b7(Y ) = 0,
b2(Y ) = b6(Y ) = 1 and b4(Y ) = 23.
Moreover, Pic (Y ) ≃ H2(Y,Z) = ZL.
(2) The Hodge numbers hp,q(Y ) (p+ q 6= 4) of Y are as follows:
h0,0(Y ) = h4,4(Y ) = 1, hp,q(Y ) = 0 for p+ q = 1, 3, 5, 7,
h2,0(Y ) = h0,2(Y ) = 0, h1,1(Y ) = 1, h2,4(Y ) = h4,2(Y ) = 0, h3,3(Y ) = 1.
(3) The signature τ(Y ) of (H4(Y,Z), (∗, ∗∗)Y ) is 23.
We introduce the following shorthands
h4,0(Y ) = a , h3,1(Y ) = b , h2,2(Y ) = c , KY = rL ∈ Pic (Y ) .
Via the isomorphisms c1 : Pic (Y ) ≃ H
2(Y,Z) and c1 : Pic (X) ≃ H
2(X,Z), we regard
L ∈ Pic (Y ) and HX ∈ Pic (X) whenever suitable.
Lemma 5.3. (1) b = 1 and c = 21− 2a. In particular 0 ≤ a ≤ 10.
(2) χ(OY ) = a+ 1.
Proof. By our assumption and Hodge symmetry, b4(Y ) = b4(X) and a = h
4,0(Y ) = h0,4(Y )
and b = h3,1(Y ) = h1,3(Y ). Hence by Lemma 5.2 and Hodge decomposition,
(5.2) 2a+ 2b+ c = b4(Y ) = 23 .
By r(Y ) =
∑
p,q≥0(−1)
php,q(Y ) ([Vo02]) and Lemmas 5.2, we obtain
(5.3) 2a− 2b+ c+ 4 = r(Y ) = 23 .
Subtracting (5.3) from (5.2), gives b = 1, hence c = 21− 2a. As
χ(OY ) =
4∑
q=0
(−1)qh0,q(Y ) ,
the assertion χ(OY ) = 1 + a follows. 
Next we compute all the Chern numbers in terms of r.
Lemma 5.4.
c1(Y )
4 = 3r4 , c1(Y )
2c2(Y ) =
3
2
r2(r2 + 3) ,
c2(Y )
2 = 3(
r2 + 3
2
)2 , c1(Y )c3(Y ) = −36 +
3
2
(
r2 + 3
2
)2 ,
and c4(Y ) = 27.
Proof. As Y is o-homeomorphic to X, c4(Y ) = c4(X) = 27 by Lemma 5.1. By Lemma 5.1,
we have
(5.4) p1(X) = 2c2(X) − c1(X)
2 = 3H2X ,
(5.5) p2(X) = 2c4(X) − 2c1(X)c3(X) + c2(X)
2 = 126 .
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The invariance of the Pontrjagin classes (Theorem 2.2 (2)) yields
(5.6) p1(Y ) = 2c2(Y )− c1(Y )
2 = 3L2 ,
(5.7) p2(Y ) = 2c4(Y )− 2c1(Y )c3(Y ) + c2(Y )
2 = 126 .
As c1(Y ) = −KY = −rL, it follows from (5.6) that
(5.8) c2(Y ) =
r2 + 3
2
L2 .
As c1(Y ) = −rL and (L
2)2 = L4 = H4X = 3, the first three equalities in Lemma 5.3 follow
from (5.8). Then substituting c4(Y ) = 27 and c2(Y )
2 = 3((r2+3)/2)2 into (5.7), we obtain
the value c1(Y )c3(Y ) as claimed. 
Next we determine r and a:
Lemma 5.5. r = 3 and a = 0. In particular, KY = 3L in Pic (Y ) and h
p,q(Y ) = hp,q(X)
for all p, q.
Proof. By the Riemann-Roch formula and Lemma 5.3 (2), we have
a+ 1 = χ(OY ) = −
1
720
(c41 − 4c
2
1c2 − 3c
2
2 − c1c3 + c4) .
By Lemma 5.4, the right hand side is written in terms of r as follows:
a+ 1 = −
1
720
(3r4 − 4 ·
3(r2 + 3)r2
2
− 9(
r2 + 3
2
)2 + 36 −
3
2
(
r2 + 3
2
)2 + 27) .
We set R := r2. Then simplifying the right hand side, we finally obtain
(5.9) a+ 1 =
1
128
((R+ 3)2 − 16) =
1
128
((r2 + 3)2 − 16) .
As a+1 is a positive integer, it follows from (5.9) that r2+3 is an even integer and satisfies
r2 + 3 > 4. Thus r is an odd integer such that r ≥ 3.
If r ≥ 7, then r2 + 3 ≥ 52 and therefore
1
128
((r2 + 3)2 − 16) ≥
522 − 16
128
= 21 ≥ 12 .
On the other hand, as 0 ≤ a ≤ 10 by Lemma 5.3, we have a+ 1 ≤ 11. Thus r ≤ 5 by (5.9).
As r ≥ 3 and |r| is an odd integer, it follows that r = 3 or 5. If r = 5, then c1(X) = 5L.
Then, by Lemma 5.4, we have
5L.c3(Y ) = −36 +
3
2
· 142 = −258 ,
a contradiction, as the left hand side is an integer divisible by 5 in Z but the right hand
side is not. Hence r = 3. Then a = 0 by (5.9). Now the last statement follows from Lemma
5.2 and Lemma 5.3. This completes the proof. 
This completes the proof of Theorem 1.6(1).
In what follows, we show Theorem 1.6 (2). We may and will assume that ψ is a log o-
homeomorphism. Recall that ψ∗HX = L and Pic (X) = ZHX and Pic (Y ) = ZL. As ψ is a
log o-homeomorphism, there is then a positive intger d and a smooth 3-fold V ∈ |dHX | and a
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smooth 3-foldW ⊂ Y (necessarily in |dL|) such that ψ|V : V →W is an o-homeomorphism.
In particular, L is the ample generator of Pic (Y ).
Lemma 5.6. Assume that KY is ample. Then:
c3(V ) = 3d(2 − 6d+ 3d
2 − d3) , c3(W ) = 3d(−2− 6d− 3d
2 − d3) .
In particular, c3(W ) 6= c3(V ).
Proof. We set HV := H|V = HX |V and LW = L|W . By the standard exact sequence
0→ TV → TX |V → NV/X = OV (dHV )→ 0
and by Lemma 5.2, we have
c∗(V ) = (1 + 3HV + 6H
2
V + 2H
3
V )(1− dHV + d
2H2V − d
3H3V ) .
Therefore,
c3(V ) = 3d(2 − 6d+ 3d
2 − d3) .
By Lemma 5.5, c1(Y ) = −KY = −3L, i.e., r = −3, as KY is ample and L is now the
ample generator of Pic (Y ). By Lemma 5.4 and by r = −3, we have that
c2(Y ) =
32 + 3
2
L2 = 6L2 .
As H3,3(Y,Z) ≃ Z and
c3(Y )c1(Y ) = −36 +
3
2
(
32 + 3
2
)2 = 18 = −2L3.c1(Y )
by c1(Y ) = −3L and L
4 = 3, it follows that
c3(Y ) = −2L
3 .
Thus, by the standard exact sequence
0→ TW → TY |W → NW/Y = OW (dLW )→ 0
we have
c∗(W ) = (1− 3LW + 6L
2
W − 2L
3
W )(1 − dLW + d
2L2W − d
3L3W ) .
Using L3W = d(L
3, L)Y = 3d, we obtain
c3(W ) = 3d(−2 − 6d− 3d
2 − d3) .
If c3(V ) = c3(W ), then, as d 6= 0, we have then 2 + 3d
2 = 0. However, this impossible, as d
is an integer. This complete the proof. 
As W is o-homeomorphic to V, it follows from Lemma 5.6 that Y can not be of general
type, if Y is log o-homeomorphic to X. This completes the proof of Theorem 1.6 (2).
HOMEOMORPHIC 4-FOLDS 13
6. Del Pezzo Fourfolds of degree five
We begin with the following general
Proposition 6.1. Let X be a Fano manifold of dimension n with b2(X) = 1 and of Fano
index r. Let LX be the ample generator of X. Assume that b2k(X) ≤ 2 for k > 1 and that
b2k+1(X) = 0 for all k. Let Y be a manifold of general type o-homeomorphic to X. Then n
is even. If furthermore
dimH0(X,mLX ) 6= 1
for all positive integers m and if LY denotes the ample generator, then
KY = rLY .
Proof. By our assumption on the Betti numbers of X, Hodge decomposition and Hodge
symmetry, we obtain
Hq(Y,OY ) = 0
for q > 0, in particular χ(Y,OY ) = 1. Let s be as in Propositon 2.7, so that
χ(Y,OY ) = χ(X, sLX) .
Consequently, χ(X, sLX) = 1. Since s < 0 by our assumptions, Kodaira vanishing gives
(−1)nhn(X, sLX) = 1 .
In particular, n is even. By Serre duality, we deduce
h0(X, (−s − r)LX) = 1 .
Hence our assumption on the number of sections in mLX gives −s = r, hence
−KY = ϕ
∗(−KX + 2sLX) = ϕ
∗(−rLX) = −rϕ
∗(LX) .
A priori, ϕ∗(LX) = ±LY . As r = −s > 0 and Y is of general type, it follows that ϕ
∗(LX) =
LY . This proves our claim. 
As a special case, we have
Corollary 6.2. Let X be an n-dimensional Fano manifold of index r with the same Betti
numbers as Pn or the quadric Qn and ample generator LX . Assume that H
0(X,mLX) 6= 1
for all positive integers m. Let Y be o-homeomorphic to X and assume that KY is ample.
Then n is even. Moreover, if LY denotes the ample generator of Y, then KY = (n + 1)LY
resp. KY = nLY .
Our main result in this section is concerned with del Pezzo 4-folds of degree 5.
Theorem 6.3. Let X be a del Pezzo 4-fold of degree 5. Explicitly, X is a smooth complete
intersection of the form
X = G(2, 5) ∩H1 ∩H2 ,
where G(2, 5) ⊂ P9 is the Grassmannian, embedded by Plu¨cker, and Hj are general hyper-
plane sections. Assume that the projective manifold Y is o-homeomorphic to X. Then
(1) Y is either deformation equivalent to X or a smooth projective 4-fold with ample KY
and with the same Hodge numbers as X. Moreover all Chern numbers (see Sections
2 and ?? for the definition) on X and Y agree.
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(2) Assume in addition that Y is log o-homeomorphic to X. Then Y is isomorphic to
a del Pezzo 4-fold of degree 5.
Proof. Since our proof is similar to the proof of Theorem 1.6, we omit standard details. Let
X = G(2, 5) ∩H1 ∩H2
be a del Pezzo 4-fold of degree 5 and ϕ : Y → X be an o-homeomorphism from a projective
manifold Y. Let LX and LY denote the ample generators. First observe that by [PZ16, 4.7],
b4(Y ) = b4(X) = 2 .
Moreover, b1(X) = b3(X) = 0 and b2(X) = 1 by Lefschetz. Hence by Hodge decomposition
and Hodge symmetry, all Hodge numbers of X and Y agree. Assume that Y is not Fano.
By Theorem 1.4, KY is ample. Thus Proposition 6.1 applies and
KY = 3LY .
Using the invariance of the Pontrjagin classes and the topological Euler numbers (giving
three conditions on the Chern numbers), and the equality χ(Y,OY ) = χ(X,OX) = 1 in
connection with Riemann-Roch (giving two additional conditions on the Chern numbers),
we see that all Chern numbers, i.e., the quantities
c41 , c
2
1c2 , c1c3 , c
2
2 , c4
of Y and X agree.
If Y is Fano, then Theorem 1.5 applies, and Y is deformation equivalent to X, This shows
Part (1).
Part (2) is demonstrated similarly as in Theorem 1.6(2). In fact, if (X,V ) and (Y,W ) are
log o-homeomorphic, then there is a positive integer d such that V ∈ |dLX | andW ∈ |dLY |.
Suppose Y is of general type. In the following, we will identify H∗(X,C) and H∗(Y,C) and
write L for short instead of LX and LY . Since V and W are o-homeomorphic, c3(V ) =
c3(W ). Using the tangent bundle sequences for V ⊂ X and W ⊂ Y, we obtain
c3(V ) = dL · c3(X) − dLV c2(V )
and
c3(W ) = dL · c3(Y )− dLW c2(W ) .
By the equality of Chern numbers, we have L · c3(X) = L · c3(Y ), hence
LV · c2(V ) = LW · c2(W ) .
Using again the tangent bundle sequences, we derive
LV c2(V ) = dL
2c2(X) + (d− 3)d
2L4
and
LW c2(W ) = dL
2c2(Y ) + (d+ 3)d
2L4 .
Again by the equality of Chern numbers, we have L2c2(X) = L
2c2(Y ), hence
(d− 3)d2 = (d+ 3)d2 ,
which is absurd. This completes the proof. 
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7. Ricci-flat Manifolds: Proof of Theorem 1.9
Proof of Theorem 1.9(1).
Let X be a Calabi-Yau 2n-fold and Y a hyperka¨hler 2n-fold with n ≥ 2. Assume that there
is an o-homeomorphism
ϕ : X → Y .
By definition, KX = 0 and KY = 0 in the Picard groups Pic (X) and Pic (Y ). Hence
w2(X) = 0 and w2(Y ) = 0 and by Proposition 2.6 (1), we obtain
χ(X,OX) = χ(Y,OY ) .
However, this is in contradiction to
χ(OY ) =
∑
p
(−1)ph0,p(Y ) =
∑
p
(−1)php,0(Y ) = n+ 1 ≥ 3
for any hyperka¨hler 2n-fold Y with n ≥ 2, while
χ(OX) =
∑
p
(−1)ph0,p(Y ) =
∑
p
(−1)php,0(Y ) = 2
for any Calabi-Yau 2n-fold X.
Proof of Theorem 1.9(2).
By our assumption, pi1(X) = 0. Let
X ≃
r∏
j=1
Mj ×
s∏
k=1
Nk
be the Beauville-Bogomolov decomposition ([Be83]) with Mj Calabi-Yau manifolds and Nk
hyperka¨hler. Since χ(Y,OY ) = n + 1 and since χ(X,OX ) = χ(Y,OY ) by Proposition 2.6
(1), we obtain
χ(X,OX ) = n+ 1 .
In particular, χ(Mj ,OMj ) 6= 0. Hence the Calabi-Yau manifolds Mj are of even dimension
≥ 2 and we have χ(Mj,OMj ) = 2. Therefore
n+ 1 = χ(X,OX ) =
r∏
j=1
χ(Mj ,OMj )×
s∏
k=1
χ(Nk,ONk) = 2
r ·
s∏
k=1
(nk + 1) ,
where 2nk = dimNk. Since n is even, we must have r = 0. Then s = 1. Indeed, by
subtracting
n =
s∑
k=1
nk
from
n+ 1 = 20 ·
s∏
k=1
(nk + 1) =
s∏
k=1
(nk + 1) ,
it follows that 0 ≥ n1n2 . . . ns if s ≥ 2, a contradiction to nk ≥ 1. This completes the proof
of Theorem 1.9 (2).
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8. Hyperka¨hler Fourfolds: Proof of Theorem 1.10
Using the same notation as in Theorem 1.10, we may assume X = S[2] for a projective
K3 surface S. Let Y be a smooth projective 4-fold being o-homeomorphic to X via an
o-homeomorphism ϕ : X → Y.
The next lemma is well-known (see eg. [Gu01]):
Lemma 8.1. (1) The Betti numbers bk(X) and the topological Euler number c4(X) of
X are as follows:
b0(X) = b8(X) = 1, b1(X) = b3(X) = b5(X) = b7(X) = 0,
b2(X) = b6(X) = 23 and b4(X) = 276, in particular, c4(X) = 324.
(2) The Hodge numbers hp,q(X) of X are as follows:
h0,0(X) = h4,4(X) = 1, hp,q(X) = 0 for p+ q = 1, 3, 5, 7,
h2,0(X) = h0,2(X) = 1, h1,1(X) = 21, h2,4(X) = h4,2(X) = 1, h6,6(X) = 21,
h4,0(X) = h0,4(X) = 1, h3,1(X) = h1,3(X) = 21 and h2,2(X) = 232.
(3) The cup product, i.e., the multiplication map
Sym2H2(X,Q)→ H4(X,Q)
is an isomorphism.
(4) There is an integral quadratic form qX(x) ∈ Sym
2(H2(X,Z)∗) such that
E4 = 3qX(E)
2
for all E ∈ H2(X,Z). Moreover, if qX(E) = 0, then E
3 = 0 in H6(X,Z).
Proof. For the convenience of the reader, we sketch an outline of proof. The first assertion
of (4) is the so called Fujiki’s relation, stating the following. Given a hyperka¨hler 2n-fold
M, let qM (x) be the Beauville-Bogomolov-Fujiki form. Then there is a positive constant
cM such that
(x2n)M = cMqM (x)
n
for all x ∈ H2(M,Z). See [Fu87] and [GHJ03, Proposition 23.14] for details.
Let Bl∆S(S × S) be the blow up of S ×S along the diagonal ∆ ≃ S and ι˜ the involution
of Bl∆S(S × S) induced by the involution (P,Q) 7→ (Q,P ) on S × S. Then
X = S[2] = Bl∆S(S × S)/ι˜ .
The assertion (1) follows from a standard calculation based on the Ku¨nneth formula applied
to S × S. By bk(S) = 0, and hence bk(S × S) = 0 if k is odd, it follows that bk(X) = 0 if k
is odd. We have
χtop(X) =
χtop(S)× χtop(S)− χtop(S)
2
+ 2χtop(S) =
24× 23
2
+ 48 = 324 .
Combining this with b6(S
[2]) = b2(S
[2]) = b2(S) + 1 = 23, we obtain b4(S
[2]) = 276.
Let M be a smooth projective manifold of dimension 2n. Consider the natural graded
ring homomorphism
m := ⊕mk : ⊕k≥0Sym
kH2(M,Q)→ ⊕n≥0H
2k(M,Q) ,
given by the cup product. Given a hyperka¨hler manifold M of dimension 2n, Verbitsky
([Ve96], see also [GHJ03, Proposition 24.1]), shows that the graded ring homomorphism m
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is injective in degree 2k ≤ 2n and the kernel, which is in degree 2k > 2n, is the graded
ideal generated by all the elements xn+1 with x ∈ H2(M,Q) such that qM (x) = 0.
Apply this for our X. Let x ∈ H2(X,Z). If qX(x) = 0, then x
3 = 0, as dim X = 4. This
shows the last assertion of (4). We also have b4(X) = 276 and b2(X) = 23. So,
dim Sym2H2(X,Q) = (23 + 1) · 23/2 = 276 = b4(X) .
Hence Sym2H2(X,Q) = H4(X,Q).
Note that h2,0(X) = h0,2(X) = 1, h1,1(X) = h1,1(S) + 1 = 21 and bp+q(X) = 0, whence
hp,q(X) = 0, when p + q is odd. Hence the assertions (2) follows from (3) by the same
argument as the proof of Lemma 8.2 below. 
The Betti numbers bk(Y ) and the topological Euler number c4(Y ) are the same as bk(X)
and c4(X), as Y is o-homeomorphic to X. However, in general, Hodge numbers are not
preserved even under o-diffeomorphisms. Nevertheless we have
Lemma 8.2. (1) The Hodge numbers hp,q(Y ) of Y are the same as the Hodge numbers
of X, i.e.,
h0,0(Y ) = h4,4(Y ) = 1, hp,q(Y ) = 0 for p+ q = 1, 3, 5, 7,
h2,0(Y ) = h0,2(Y ) = 1, h1,1(Y ) = 21, h2,4(Y ) = h4,2(Y ) = 1, h6,6(Y ) = 21,
h4,0(Y ) = h0,4(Y ) = 1, h3,1(Y ) = h1,3(Y ) = 21 and h2,2(Y ) = 232.
(2) The multiplication map
Sym2H2(Y,Q)→ H4(Y,Q)
is an isomorphism.
(3) There is an integral quadratic form qY (x) on H
2(Y,Z) such that (E4)Y = 3qY (E)
2
for all E ∈ H2(Y,Z) and E3 = 0 if qY (E) = 0. In particular, (E
4)Y is a non-
negative integer for any E ∈ H2(Y,Z).
(4) KY is 2-divisible in Pic (Y ).
Proof. As Y is homeomorphic to X, it follows that bk(Y ) = bk(X) for each non-negative
integer k. Thus b1(Y ) = 0. As Y is smooth projective manifold, it follows from the Hodge
decomposition theorem that h1,0(Y ) = h0,1(Y ) = 0. Similarly, hp,q(Y ) = 0 for p+q = 3, 5, 7
and h0,0(Y ) = h4,4(Y ) = 1.
Set a = h2,0(Y ) = h0,2(Y ) and b = h1,1(Y ). By Hodge symmetry, h2,0(Y ) = h0,2(Y ). As
b2(Y ) = b2(X) = 23, we obtain
2a+ b = 23,
again by Hodge decomposition. By duality, a = h4,2(Y ) = h2,4(Y ) and h3,3(Y ) = b. As Y
is homeomorphic to X, the multiplication map
Sym2H2(Y,Q)→ H4(Y,Q)
is an isomorphism by Lemma 8.1 (3). Thus
H4(Y,Z) = Sym2H2(Y,C) = Sym2(H2,0(Y )⊕H1,1(Y )⊕H0,2(Y )) .
It follows that
H4,0(Y ) = Sym2H2,0(Y ) , H0,4(Y ) = Sym2H0,2(Y ) ,
H3,1(Y ) = H2,0(Y )⊗H1,1(Y ) , H1,3(Y ) = H0,2(Y )⊗H1,1(Y ) ,
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H2,2(Y ) = (H2,0(Y )⊗H0,2(Y ))⊕ Sym2H1,1(Y ) .
Hence
h4,0(Y ) = h0,4(Y ) =
a(a+ 1)
2
, h3,1(Y ) = h1,3 = ab = a(23− 2a) ,
h2,2(Y ) =
b(b+ 1)
2
+ a2 = (23− 2a)(12 − a) + a2 .
So, all hp,q(Y ) are expressed in terms of a. We determine a.
As Y is o-homeomorphic to X, the signature r(Y ) of (H4(Y,Z), (∗, ∗∗)Y ) is the same as
the signature r(X) of (H4(X,Z), (∗, ∗∗)X ).
By [Vo02], we know
r(Y ) =
∑
p,q≥0
(−1)php,q(Y ) , r(X) =
∑
p,q≥0
(−1)php,q(X) .
Substituting hp,q(Y ) above and hp,q(X) in Lemma 8.1 (2), we obtain
r(Y ) = 8a2 − 84a+ 232 , r(X) = 156 .
Thus 8a2 − 84a + 232 = 156 by r(Y ) = r(X). Regarding this as a quadratic equation of a
and solving this equation, we readily find that a = 1 or a = 19/2. As a is a non-negative
integer, it follows that a = 1. Substituting a = 1 into hp,q(Y ) above, we obtain the assertion
(1).
The second assertion follows from the fact that ϕ : X → Y is an o-homeomorphism.
Indeed, we have by Lemma 8.1 (4) that
(y4)Y = (ϕ
∗(y)4)X = 3qX(ϕ
∗(y))2 ,
for all y ∈ H2(Y,Z). So, we may define qY (y) := qX(ϕ
∗(y)). This proves (2).
As KX is divisible by 2, the assertion (3) follows from Corollary 2.3. 
By Lemma 8.2, h0(Y,O(KY )) = h
4,0(Y ) = 1. Hence κ(Y ) 6= −∞. This proves Theorem
1.10 (1).
Next we show that KY is nef. We summarize our knowledge on Y as follows.
(1) κ(Y ) ≥ 0 by Theorem 1.10 (1)
(2) KY is 2-divisible in Pic (Y ) by Lemma 8.2 (4)
(3) (E4)Y ≥ 0 for all E ∈ H
2(Y,Z) by Lemma 8.2 (3)
(4) b3(Y ) = b3(X) = 0 by Lemma 8.1 (1).
Therefore the nefness of KY follows from the next slightly more general
Proposition 8.3. Let Z be a smooth projective 4-fold such that
(1) κ(Z) ≥ 0;
(2) KZ is 2-divisible in Pic (Z);
(3) (E4)Z ≥ 0 for any E ∈ Pic (Z); and
(4) b3(Z) = 0.
Then KZ is nef.
Proof. Assume to the contrary that KZ is not nef. Then there is an extremal rational
curve C such that KY · C < 0, and we have a contraction map τ : Z → Z1 of the extremal
ray R≥0C. As κ(Z) ≥ 0, the contraction τ is either a small contraction or a divisorial
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contraction. Let E be the exceptional set of τ (see eg. [Ka84], [KMM87], [KM98] for basic
result about extremal contractions).
If dimE ≤ 2, i.e., τ is small, then E is a disjoint union of Ei ≃ P
2 with normal bundle
OEi(−1)
⊕2 by a result of Kawamata [Ka89]. Let Hi be the hyperplane class of Ei = P
2.
Then by the adjunction formula, we have
−Hi = KZ |Ei .
Now the left hand side is not divisible by 2 while the right hand side is divisible by 2 in
Pic (Ei) = ZHi, a contradiction. Hence τ has to be a divisorial contraction and E is an
irreducible divisor on Z such that 0 ≤ dim τ(E) ≤ 2.
Claim 8.4. dim τ(E) 6= 0.
Proof. Assume to the contrary that dim τ(E) = 0. Since ρ(X) = ρ(Z) + 1, the normal
bundle NE/X= OE(E) is negative, i.e., its dual is ample; see [An85, p.354]. Therefore
(E4)Z = ((E|E)
3)E < 0 ,
contradicting assumption (3). 
Claim 8.5. dim τ(E) 6= 2.
Proof. Assume that dim τ(E) = 2 and let F be a general fiber of τ |E : E → τ(E). Then
dim F = 1 and τ |E : E → τ(E) is equidimensional over some Zariski open subset U ⊂ τ(E)
containing τ(F ). We set EU = (τ |E)
−1(U). By [An85, Proof of Theorem 2.3] (see also
[AW98]), F ≃ P1 with normal bundle
NF/Z ≃ O
⊕2
F ⊕OF (−1).
Hence by adjunction,
−2 = degKF = degKZ |F − 1 .
Thus degKY |F = −1, a contradiction to the 2-divisibility of KZ . Hence dim τ(E) 6= 2. 
In conclusion, dim τ(E) = 1.
Claim 8.6. Z1 is smooth and τ : Z → Z1 is the blow-up along a smooth rational curve
C1 = τ(E).
Proof. Let F be a general fiber of τ |E : E → τ(E). By the 2-divisibility of KZ and by a
result of Takagi, [Ta99, Theorem 1.1], we see that F = P2 and −KZ |F = 2H where H is
the hyperplane class of P2. Then −E|F = H by adjunction. Thus, τ is the case (4p1) in
[Ta99, Main Theorem], i.e., Z1 and the curve τ(E) are smooth. Furthermore, τ : Z → Z1
is the blow-up along the curve τ(E) ⊂ Z1 and E is the exceptional divisor of the blow-up.
Set E = E1 and C1 = τ(E1). Since
b3(Z) = b3(Z1) + b3(E1) = b3(Z1) + 2g(C1) ,
see e.g. [Vo02, Theorem 7.31], and since b3(Z) = 0 by assumption, it follows that g(C1) = 0,
whence C1 = P
1, and b3(Z1) = 0. 
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Note that the smooth projective 4-fold Z1 also satisfies the same properties (1), (2), (3),
(4) in Proposition 8.3 as Z. The property (1) for Z1 is clear by the birational invariance of
the Kodaira dimension, (2) for Z1 follows from KZ = τ
∗KZ1 +2E1 with the fact that τ
∗ is
injective, (3) for Z1 follows from (x
4)Z1 = (τ
∗(z)4)Z for all z ∈ Pic (Z1) and (4) is already
shown above.
Claim 8.7. KZ is nef.
Proof. Assume to the contrary that KZ is not nef. Then we have an extremal contraction
τ0 : Z → Z1 in Claim 8.6. If KZ1 is not yet nef, then any extremal contraction τ1 : Z1 → Z2
is again a blow-up along a smooth rational curve of a smooth projective 4-fold Z2, and the
properties (1), (2), (3), (4) in Proposition 8.3 hold for Z2 for the same reason as above. As
ρ(Z) <∞, after finitely many repetation of this process, we finally reach the situation
τn : Zn → Zn+1
such that Zn and Zn+1 are smooth projective 4-folds and τn is the blow-up along Cn = P
1.
The properties (1), (2), (3), (4) in Proposition 8.3 still hold for Zn and Zn+1 and additionally
KZn+1 is nef. Let En be the exceptional divisor of τn. Then τ(En) = Cn. As Cn ≃ P
1 and
τ is the blow-up of Zn+1 along Cn, it follows that
En ≃ P(N
∗
Cn/Zn+1
)
and En|En = OEn(−1). Then
(E4n)Zn = ((En|En)
3)En = −c1(OEn(1))
3 .
By the very definition of the Chern classes, we have
c1(OEn(1))
3 − pi∗c1(N
∗
Cn/Zn+1
)c1(OEn(1))
2 = 0 .
Here pi : P(N∗Cn/Zn+1)→ Cn is the natural projection. Thus,
c1(OEn(1))
3 = degN∗Cn/Zn+1 = −degNCn/Zn+1 .
Hence, by (3) applied for Zn, we have:
0 ≤ (E4n)Zn = degNCn/Zn+1 .
However, as Cn = P
1 and KZn+1 is nef, we have by the adjunction formula that
−2 = degKCn = (KZn+1 .Cn+1)Zn+1 + degNCn/Zn+1 ≥ 0 ,
a contradiction. Therefore KZ has to be nef. 
If KY is numerically trivial, then Y is a hyperka¨hler 4-fold by Theorem 1.9 (2), as so is
S[2].
In order to show that Y is not of general type, we first prove
Proposition 8.8.
(4c2(Y )− c1(Y )
2)c1(Y )
2 = 0 .
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Proof. By Lemma 8.1, 8.2, and the Serre duality, c4(Y ) = c4(X) = 324 and χ(OY ) =
χ(OX) = 3. By the Riemann-Roch formula for X, we have
3 = χ(OX) = −
1
720
(−3c2(X)
2 + c4(X))
and therefore c2(X)
2 = 828. By the Riemann-Roch formula applied to Y, we have
(8.1) 3 = χ(OY ) = −
1
720
(c1(Y )
4 − 4c1(Y )
2c2(Y )− 3c2(Y )
2 − c1(Y )c3(Y ) + 324) .
Let ψ : Y → X be an o-homeomorphism. The invariance of Pontrjagin classes (Theorem
2.2 (3)) gives
(8.2) c1(Y )
2 − 2c2(Y ) = −2ψ
∗c2(X) ,
and
(8.3) − 2c1(Y )c3(Y ) + c2(Y )
2 = ψ∗(c2(X))
2 = 828 , i.e. , c1(Y )c3(Y ) =
c2(Y )
2
2
− 414 .
Taking self-intersection on both sides of (8.3), we obtain
((c1(Y )
2 − 2c2(Y ))
2)Y = 4ψ
∗(c2(X)
2)X = 4 · 828 .
Consequently
(8.4) c2(Y )
2 = 828 + c1(Y )
2c2(Y )−
1
4
c1(Y )
4 .
Substituting (8.4) into (8.3), we obtain
(8.5) c1(Y )c3(Y ) =
c1(Y )
2c2(Y )
2
−
c1(Y )
4
8
.
Substituting (8.4) and (8.5) into (8.1), we obtain
3 = −
1
720
·
15
8
(c1(Y )
2 − 4c2(Y ))c1(Y )
2 + 3 .
Hence (4c2(Y )− c1(Y )
2)c1(Y )
2 = 0 as claimed. 
As −c1(Y ) = KY is nef, a fundamental result of Miyaoka [Mi87] states that the class
3c2(Y )− c1(Y )
2 is pseudo-effective. Hence
(3c2(Y )− c1(Y )
2)c1(Y )
2 ≥ 0 , i.e. , 3c2(Y )c1(Y )
2 ≥ c1(Y )
4 .
If in addition that Y is of general type, then c1(Y )
4 > 0 as KY = −c1(Y ) is nef. Therefore
c2(Y )c1(Y )
2 > 0 .
However, then
(4c2(Y )− c1(Y )
2)c1(Y )
2 > (3c2(Y )− c1(Y )
2)c1(Y )
2 ≥ 0 ,
a contradiction to Proposition 8.8. Hence Y is not of general type. 
As KY is nef, it follows that ν(Y ) 6= 4. Since dim Y = 4, we have ν(Y ) ≤ 3 from
ν(Y ) 6= 4. Thus K4Y = 0, as KY is nef. Hence qY (KY ) = 0, and therefore K
3
Y = 0, by
Lemma 8.2 (3). Hence ν(Y ) ≤ 2. Assume that ν(Y ) ≤ 1. Then K2Y = 0 in H
4(Y,Z). Hence
KY = 0, i.e., ν(Y ) = 0 by Lemma 8.2 (2).
This completes the proof of Theorem 1.10.
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9. Speculative Exotic algebraic structures on hyperka¨hler manifolds
Let n ≥ 2 be an integer and S a smooth projective K3 surface.
Kodaira [Ko70] found a minimal compact analytic elliptic surface W of Kodaira dimen-
sion κ(W ) = 1, which is o-homotopic to S. It turns out that W is o-homeomorphic to S
by Theorem 2.4 and Remark 2.5.
As b1(W ) = b1(S) = 0 is even, W is deformation equivalent to a smooth projective
minimal elliptic surface with the same Kodaira dimension due to a fundamental result
of Kodaira [Ko64, Theorem 15.2], the crucial part of the affirmative answer to the so-
called Kodaira problem in dimension 2 , and the invariance of the Kodaira dimension for
surfaces under deformation (see, e.g., [BHPV04, Section VI, Theorem 8.1]). Thus there is a
projective minimal elliptic surface W with κ(W ) = 1 such that W is o-homeomorphic to S.
We fix such W from now on. Note however that W is not o-diffeomorphic to S by [FM96,
Page 495, Corollary 3.4].
The Hilbert scheme W [n] of 0-dimensional closed subschemes of length n of W is then a
smooth projective 2n-fold by [Fo68]. We observe
(9.1) ν(W [n]) = κ(W [n]) = n .
This equality is seen as follows. First note that KW is semi-ample asW is a minimal surface
of non-negative Kodaira dimension. Since the Hilbert-Chow morphism
W [n] →W (n) = Symn (W )
is crepant ([Be83]), for any sufficiently divisible large integers m, the pluri-canonical mor-
phism
Φ|mKW | : W → P
1
induces, via the Hilbert-Chow morphism, the pluri-canonical morphism
Φ|mK
W [n]
| :W
[n] →W (n) → Symn (P1) = Pn
of W [n]. Hence ν(W [n]) = κ(W [n]) = n. This also shows that KW [n] is semi-ample, [Ka85],
hence nef.
Question 9.1. Let S and W be as above and let
ϕ : S → W
be an o-homeomorphism. Then the product homeomorphism ϕn : Sn → W n is an o-
homeomorphism and ϕn induces the o-homeomorphism ϕ(n) : S(n) → W (n). However, it is
unclear whether ϕ(n) lifts to an o-homeomorphism
ϕ[n] : S[n] → W [n]
via the Hilbert-Chow morphisms S[n] → S(n) and W [n] → W (n). If yes, we obtain an exotic
complex structure on the hyperka¨hler manifold S[n] of (numerical) Kodaira dimension n.
Of course, S[n] and W [n] might abstractly be o-homeomorphic without ϕ[n] being a o-
homeomorphism.
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